Finitely generated commutative semigroups
In 1963, the well-known algebraist Ladislaus Rédei [3] published a theory describing the structure of arbitrary finitely generated commutative semigroups. This theory, which is based on a single "fundamental theorem" (see [3, § 3] ) plus a number of finiteness theorems (Sätze 3,4, 5, 6, 16, 20, 30, 45, 51, 60, 62, 63, 65, 66, 68, 69, 72, 77, 94, 113, 114, 117), may be compared in depth, multitude of cases covered, and richness of concepts with algebraic number theory. There are other formal similarities: two "reciprocity laws", and the important role of congruences by ideals. Somewhat surprisingly, Rédei's theory has so far not had much of an echo, although Clifford and Preston immediately realized its impact, and devoted 13 pages of [1] on one of the striking consequences of Rédei's theory: finitely generated commutative semigroups are automatically finitely presented; in particular, there are only countably many nonisomorphic finitely generated commutative semigroups (see [1, Theorem 9 .28]).
1 The theory developed in [3] leaves room for original investigation; for instance, to mention but one example, the word problem within this theory is, as far as I know, still awaiting resolution. Studying [3] would, in itself, already offer enough scope for more than one Ph.D. thesis, and such a thesis, resolving one of the major open problems in that area, might well be a desirable outcome of the project presented here. However, at least as conceived, the aim of this Ph.D. project should ideally lie in the implementation of parts of Rédei's theory in the study of equations (or systems of equations) over non-commutative semigroups.
Equations over transformation semigroups
In [2] Krattenthaler and I study, among other things, the number of solutions of the system of equations X 2 = X, Y 2 = Y , XY = Y X over semigroups of the form H T n , where H is an arbitrary finite group, and T n denotes the full transformation semigroup on n symbols, obtaining both explicit formulae as well as asymptotic estimates. Techniques employed include tools from enumerative combinatorics, methods from higherdimensional real analysis, as well as results from asymptotic analysis, including Poisson summation. Again, it seems likely that the theory developed in [2] leaves room for 1 Clifford and Preston's account is based on a lecture of Rédei's delivered at Oxford in 1960 on Graham Higman's invitation, not having had a chance to see [3] before the manuscript of [1] went to the printer. further investigation; for instance, one might attempt to generalise the main result of [2] to an asymptotic analysis of the system of equations
(1) over semigroups of the form H T n . It might also be interesting to vary (1) by allowing some, but not all, of the variables to commute; in the simplest instance, one could look at the system
More ambitiously, one might think of introducing arbitrary exponents, thus generalising (1) to
where α 1 , β 1 , . . . , α m , β m are positive integers with α i < β i . Generalising our results in one of these (or some other) direction(s) should be possible (though technically quite non-trivial) and would, again, be a desirable outcome of this project, leading to a substantial Ph.D. thesis. However, since writing [2] , the second author of that paper started to speculate on the possibility of combining the combinatorial and analytic methods of [2] with the algebraic theory developed in [3] . To illustrate this point of view, let me finish with the following test problem.
Problem. Let S be a commutative semigroup generated by finitely many symbols X 1 , X 2 , . . . , X m , with defining relations L ν (X 1 , . . . , X m ) = R ν (X 1 , . . . , X m ), ν = 1, 2, . . . , n.
Let us assume that all variables occur non-trivially in (4), and denote by N n the number of solutions of (4), considered as a system of equations over T n . Does the structure of S, as described by Rédei, determine the asymptotics of the function N n as n tends to infinity?
